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Abstract
To obtain the equation of state of quark matter and construct hybrid stars, we calculate the
thermodynamic potential in the three-flavor Nambu-Jona-Lasinio model including the tensor-type
four-point interaction and the Kobayashi-Maskawa-’t Hooft interaction. To construct the hybrid
stars, it is necessary to impose the β equilibrium and charge neutrality conditions on the system.
It is shown that tensor condensed phases appear at large chemical potential. Under the possibility
of the existence of the tensor condensates, the relationship between the radius and mass of hybrid
stars is estimated.
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I. INTRODUCTION
One of recent interests is to reveal the phase structure of the world governed by quantum
chromodynamics (QCD). In the region of high temperature and zero quark chemical poten-
tial, the numerical simulation by using the lattice QCD gives a useful information about the
phase structure. However, in the region of low temperature and large quark chemical po-
tential, the lattice simulation is still not working. In that region, it has been remarked that
various phases [1] may appear such as the color superconducting phase [2–4], the quarkyonic
phase,[5] the inhomogeneous chiral condensed phase,[6] the quark ferromagnetic phase,[7] the
color-ferromagnetic phase,[8] the spin polarized phase due to the axial vector interaction[9–
13] or due to the tensor interaction [14–26] and so on. The situation with large chemical
potential and low temperature may be realized in the inner core of compact stars such as
neutron stars and magnetars[27, 28]. Especially, magnetars show a very strong magnetic
field. The spin polarization in quark matter may be the origin of the strong magnetic field
of magneers. [29]
For estimating properties of high density quark matter, the Nambu-Jona-Lasinio (NJL)
model [30] is widely used [31–33] as one of the effective models of QCD. In a previous
paper[25] and in our recent paper[26], the spin polarization due to the tensor condensate has
been investigated in the case of the three-flavor NJL model with the Kobayashi-Maskawa-’t
Hooft interaction.[34, 35] Also, properties of the compact star is investigated in the case
of the two-flavor NJL model with tensor interaction[36]. Thus, the investigation of the
compact stars with the three-flavor quark matter in the inner core of the compact stars such
as hybrid stars is left. So, in this paper, we investigate the properties of quark matter with
the beta equilibrium and charge neutrality conditions, which are necessary to construct the
compact stars, by using the three-flavor NJL model with the Kobayashi-Maskawa-’t Hooft
interaction.
In Sec.II, we introduce the three-flavor NJL model with the tensor interaction and then
calculate the effective potential. In Sec.III, we discuss the behaviors of the tensor condensates
obtained numerically under the beta equilibrium and the charge neutrality conditions. In
Sec.IV, we construct hybrid stars and discuss numerical results. The last section is devoted
to a summary and concluding remarks.
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II. RECAPITULATION OFMEAN FIELD APPROXIMATION FOR THENAMBU-
JONA-LASINIO MODEL WITH TENSOR-TYPE FOUR-POINT INTERACTION
BETWEEN QUARKS
Let us start from the three-flavor NJL model with tensor-type [15, 16] four-point inter-
actions between quarks. The Lagrangian density can be expressed as
L = L0 + Lm + LS + LT + Lρ + Le + Lρe + LD (1)
L0 = ψ¯iγµ∂µψ
Lm = −ψ¯ ~m0ψ
LS = Gs
2
8∑
a=0
[(ψ¯λaψ)
2 + (ψ¯iλaγ5ψ)
2]
LT = −1
2
GT
4
8∑
a=0
[(ψ¯γµγνλaψ)
2 + (ψ¯iγ5γ
µγνλaψ)
2]
Lρ = µqψ†ψ
Le = ψ¯eiγµ∂µψe
Lρe = µe
(
ψ†eψe −
2
3
ψ†uψu +
1
3
ψ†dψd +
1
3
ψ†sψs
)
LD = GD
[
detψ¯(1− γ5)ψ + detψ¯(1 + γ5)ψ
]
.
Here, ~m0 represents a current quark mass matrix in flavor space as follows :
~m0 = diag (mu,md,ms) , (2)
where diag. means the diagonal matrix elements and the all off-diagonal elements are zero.
Here, LT , which is newly introduced in the original NJL model, represents a tensor-type
four-point interaction between quarks in the three-flavor case which preserves the chiral sym-
metry. Also, LD represents the so-called Kobayashi-Maskawa-’t Hooft or the determinant
interaction term which leads to the six-point interaction between quarks in the three-flavor
case. This term resolves the problem of the UA(1)-anomaly. Further, Le represents a kinetic
term of electron. In order to deal with the system of finite density, Lρ and Lρe represent
density terms for quarks and electron, in which µq and µe correspond to the quarks and the
3
electron chemical potentials, respectively. Each quark chemical potential is defined by
µu = µq − 2
3
µe
µd = µq +
1
3
µe = µu + µe
µs = µd , (3)
which imply β equilibrium condition.
Hereafter, we treat the above model within the mean field approximation, in which we
ignore non-diagonal components of the condensates in a flavor space. Therefore, terms in
the summation over a are restricted to the diagonal entries with a = 0, 3 and 8 in LS :
8∑
a=0
[(ψ¯λaΓψ)
2] −→
∑
a=0,3,8
[(ψ¯λaΓψ)
2]
=
2
3
[(
u¯Γu+ d¯Γd+ s¯Γs
)]2
+
[(
u¯Γu− d¯Γd)]2
+
1
3
[(
u¯Γu+ d¯Γd− 2s¯Γs)]2
= 2(u¯Γu)2 + 2(d¯Γd)2 + 2(s¯Γs)2 . (4)
Here, Γ means products of any gamma matrices or unit matrix. Also, in the determinant
interaction term, LD, the same approximation is adopted, namely, the off-diagonal matrix
elements in the flavor space are omitted:
detψ¯ (1− γ5)ψ + detψ¯ (1 + γ5)ψ
−→ det

u¯(1− γ5)u 0 0
0 d¯(1− γ5)d 0
0 0 s¯(1− γ5)s

+ det

u¯(1 + γ5)u 0 0
0 d¯(1 + γ5)d 0
0 0 s¯(1 + γ5)s

= 2(u¯u)(d¯d)(s¯s)
+ 2(u¯u)(d¯γ5d)(s¯γ5s) + 2(u¯γ5u)(d¯d)(s¯γ5s) + 2(u¯γ5u)(d¯γ5d)(s¯s) . (5)
Secondly, in order to consider the spin polarization under the mean field approximation, the
4
tensor condensate 〈q¯γ1γ2q〉 and 〈q¯γ2γ1q〉 are considered in LT because γ1γ2 = iΣ3. Here,
Σ3 = −iγ1γ2 =
σ3 0
0 σ3
 , (6)
where σ3 represents the third component of the Pauli matrix. Thus, we consider two tensor
condensates under the mean field approximation as
F3 = −GT 〈ψ¯Σ3λ3ψ〉 ,
F8 = −GT 〈ψ¯Σ3λ8ψ〉 . (7)
For each quark flavor, the tensor condensates are reexpressed as
Fu = F3 +
1√
3
F8 ,
Fd = −F3 + 1√
3
F8 ,
Fs = − 2√
3
F8 . (8)
Of course, the chiral condensates 〈q¯q〉 should be taken into account. We introduce the
dynamical quark masses Mf without the determinant interaction term by using the chiral
condensates as
Mu = −2Gs〈u¯u〉 ,
Md = −2Gs〈d¯d〉 ,
Ms = −2Gs〈s¯s〉 . (9)
These expressions are only valid if the mixing term is not considered.
Thus, under the mean field approximation, the Lagrangian density (1) reduces to
LMF =ψ¯(iγµ∂µ − ~M − ~FΣ3 + ~µγ0)ψ
−
∑
f
M2f
4Gs
− F
2
3
GT
− F
2
8
GT
+
1
2
GD
G3s
MuMdMs
+ ψ¯e
(
iγµ∂µ + µeγ
0
)
ψe , (10)
5
where f = u, d or s and
Σ3 = −iγ1γ2 =
 σ3 0
0 σ3

~M = diag.
(
mu +Mu − GD
2G2s
MdMs , md +Md − GD
2G2s
MsMu ,
ms +Ms − GD
2G2s
MuMd
)
= diag.(Mu, Md, Ms)
~F = diag. (Fu, Fd, Fs)
~µ = diag. (µu , µd , µs) . (11)
Here, ~M represents the constituent quark mass matrix with the flavor mixing due to the
determinant interaction term. For example, Mu = mu +Mu− (GD/2G2s)MdMs represents
the constituent quark mass for u-quark, which consists of the current quark mass for u-
quark, mu, dynamical quark mass for u-quark, Mu originated from the dynamical chiral
symmetry breaking or quark condensate in (9) and the effect of the flavor mixing due to the
Kobayashi-Maskawa-’t Hooft term with GD being non-zero value.
The Hamiltonian density can be obtained from the mean field Lagrangian density as
HMF =ψ¯
(
iγ ·∇+ ~M + ~FΣ3
)
ψ − ψ†~µψ
+
∑
f
M2f
4Gs
+
F 23
GT
+
F 28
GT
− 1
2
GD
G3s
MuMdMs
+ ψ¯e (iγ ·∇)ψe − µeψ†eψe
=ψ†hˆqψ − ψ†~µψ + ψ†ehˆeψe − µeψ†eψe
+
∑
f
M2f
4Gs
+
F 23
GT
+
F 28
GT
− 1
2
GD
G3s
MuMdMs . (12)
Here, hˆq and hˆe mean the single-particle Hamiltonians for single quark and electron, respec-
tively, which are explicitly written in
hˆq ≡ γ0
(
iγ ·∇+ ~M + ~FΣ3
)
,
hˆe ≡ γ0 (iγ ·∇) . (13)
Let us derive the effective potential or the thermodynamic potential at zero temperature.
In order to obtain the energy eigenvalues of single quark and electron, it is necessary to
6
diagonalize hˆq and hˆe, the eigenvalues of which can be obtained easily as
Ef =
√
p2z +
(√
p2x + p
2
y +M
2
f + ηFf
)
(f = u, d, s) ,
Ee = |p| , (14)
where η = ±1.
Thus, we can easily evaluate the thermodynamic potential with the energy eigenvalues.
The thermodynamic potential Φ can be expressed as
Φ = 〈HMF 〉
= Φu + Φd + Φs + Φe + ΦMF , (15)
where each term represents
Φf =
∑
η,α
∫
d3p
(2pi)3
(Ef,η − µf ) θ (µf − Ef,η)−
∑
η,α
∫
d3p
(2pi)3
Ef,η ,
Φe = 2
∫ ∞
−∞
d3p
(2pi)3
(Ee − µe) θ (µe − Ee)
=
1
pi2
∫ µe
0
d |p| (|p|3 − µe |p|2)
= − µ
4
e
12pi2
,
ΦMF =
M2u +M2d +M2s
4Gs
+
F 23
GT
+
F 28
GT
− 1
2
GD
G3s
MuMdMs . (16)
Here, α represents the color degree of freedom whose summation leads to numerical factor
Nc (= 3). Here, θ(x) represents the Heaviside step function. The first and second terms
of Φf represent the positive-energy contribution of quarks and the vacuum contribution,
respectively.
To determine the chiral condensates,Mu ,Md andMs , and the tensor condensates F3
and F8, the gap equations are demanded as
∂Φ
∂Mu =
∂Φ
∂Md =
∂Φ
∂Ms =
∂Φ
∂F3
=
∂Φ
∂F8
= 0 . (17)
Through the thermodynamical relations, quark number density for each flavor ρf can be
estimated by differentiating the thermodynamic potential with respect to the quark chemical
7
potential :
ρf = − ∂Φ
∂µf
= −∂Φf
∂µq
. (18)
Also, total quark number density ρq is written as
ρq = ρu + ρd + ρs . (19)
Similarly, the electron number density can be obtained as
ρe = − ∂Φ
∂µe
=
µ3e
3pi2
. (20)
Under the charge neutrality condition
2
3
ρu − 1
3
ρd − 1
3
ρs − ρe = 0 , (21)
the thermodynamic potential should take the minimum value. In (21), each factor corre-
sponds to electric charge for quark with each flavor and electron.
For estimating inner structure of compact star, we must calculate the pressure and energy
density. By the use of the thermodynamical relations, pressure P and energy density  are
calculated as
P = − (Φ− Φ(µq=0)) ,
 = −P + µqρq . (22)
Here, we have renormalized P with the value at µq = 0, which leads to P = 0 at µq = 0.
III. NUMERICAL RESULTS
In this and the next sections, we give numerical results. In this section, the behavior of
the tensor condensates etc. at finite chemical potential is shown.
The model parameter sets are summarized in Table I. In these parameters, the tensor
interaction strength GT is taken as a free parameter in our consideration, while the value of
GT may be estimated by the vacuum properties of pion and ρ meson as in Ref.[37]. How-
ever, this parameter could not be determined exactly by the experimental data of a certain
physical quantity. The tensor-type interaction may be derived from a two-gluon exchange
8
TABLE I. Parameter sets of 3-flavor NJL model with the tensor interaction.
mu, md ms Gs GT GD Λ
[/GeV] [/GeV] [/GeV−2] [/GeV−2] [/GeV−5] [/GeV]
Model GT0 0.0055 0.1375 3.666/Λ2(≈ 9.2) 0 9.288/Λ5 0.6314
Model GT2.0 0.0055 0.1375 3.666/Λ2 2Gs 9.288/Λ
5 0.6314
Model GT2.2 0.0055 0.1375 3.666/Λ2 2.2Gs 9.288/Λ
5 0.6314
Model GT2.4 0.0055 0.1375 3.666/Λ2 2.4Gs 9.288/Λ
5 0.6314
Model GT2.6 0.0055 0.1375 3.666/Λ2 2.6Gs 9.288/Λ
5 0.6314
interaction[20]. However, the NJL model cannot be derived from the QCD Lagrangian di-
rectly. Thus, we adopt GT as a free parameter in this model. If the tensor interaction term is
derived by the Fierz transformation of the scalar interaction term, Gs(ψ¯ψ)
2, the relationship
GT = 2GS is satisfied.
When the thermodynamic potential in (15) is calculated, a regularization scheme is neces-
sary because the vacuum contribution in the second line in (15) gives the divergent contribu-
tion. Here, we adopt the three-momentum cutoff scheme and introduce the three-momentum
cutoff Λ.
The values of the parameters used here except for GT are adopted following Ref. [32], in
which the parameters, namely the three-momentum cutoff Λ, the coupling constant Gs, GD,
and the current quark (light quark and strange quark) masses, are given so as to reproduce
the pion decay constant, the chiral condensate, pion and kaon masses and eta and eta-prime
meson masses. The Kobayashi-Maskawa-’t Hooft term leads to the axial UA(1)-anomaly.
Thus, by introducing the non-zero coupling constant GD for the Kobayashi-Maskawa-’t
Hooft term, the eta and eta-prime meson-mass difference must also be reproduced. The way
of decision of the parameters is developed in Ref.[32] in three-flavor case in detail.
A. Behavior of consistent quark masses
Figure 1 shows the behavior of the consistent quark masses Mq and Ms for model GT0
without the tensor interaction. In the region of µq ≤ 0.34 GeV, dynamical quark masses have
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FIG. 1. Dynamical quark masses Mq and Ms are depicted as a function of the quark chemical
potential µq for model GT0. The circle (lower curve) and square (upper curve) represent Mq and
Ms, respectively.
values, namely Mq = 0.335 GeV and Ms = 0.527 GeV, by the dynamical chiral symmetry
breaking. At µq ≈ 0.34 GeV, the light quark masses decrease suddenly. Then, the strange
quark mass reveals a small gap, which is originated from the flavor mixing. Namely, the
behaviors of the light quark masses have an effect on the behavior of the strange quark mass
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FIG. 2. Dynamical quark masses Mq and Ms are depicted as a function of the quark chemical
potential µq for each model of GT 6= 0. The circle (lower curves) and square (upper curves)
represent Mq and Ms, respectively.
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by the flavor mixing. At µq ≈ 0.44 GeV, the strange quark mass increases slightly. This
behavior is originated from the charge neutrality and β equilibrium conditions. Electron
chemical potential takes the maximum value in this region. The electron chemical potential
is depicted in section III C. At µq ≥ 0.47 GeV, the strange quark mass decreases continuously.
Figure 2 shows the behavior of the constituent quark masses Mq and Ms for the models of
GT2.0, GT2.2, GT2.4 and GT2.6 with finite value of the tensor interaction strength. For the
quark masses at the low chemical potential region, these models reveal the same behavior
as model GT0. In the case of model GT2.0/GT2.2/GT2.4, at µ ≈ 0.488/0.475/0.460 GeV
≡ µcr1 , the constituent quark mass of the strange quark, Ms, exhibits a mass gap, while Ms
exhibits only a small gap in model GT2.0. Also, model GT2.6 shows similar mass gap at
µ ≈ 0.446 GeV ≡ µcr1′ . The reason why these behavior of Ms is shown is that the tensor
condensates appear at µ = µcr1 and µ = µcr1′ . Here, in the models GT2.0, GT2.2 and
GT2.4, the tensor condensate F8 only appears at µ = µcr1 . On the other hand, in the model
GT2.6, both the tensor condensates F8 and F3 appear at µ = µcr1′ simultaneously. Namely,
the tensor condensates show different behaviors for model GT2.6 and others. As for the
tensor condensates, details are described in section III B.
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FIG. 3. Tensor condensates F3 and F8 are depicted as a function of the quark chemical potential
µq for each model. The circle (lower curves) and square (upper curves) represent F3 and F8,
respectively.
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B. Behavior of tensor condensates
Figure 3 shows the behavior of the two possible tensor condensates F3 and F8 as a function
of the quark chemical potential µq. In the model GT2.0/GT2.2/GT2.4, at µq = µcr1 , F8
appears suddenly. Also, µq ≈ 0.54/0.52/0.51 ≡ µcr2 GeV, F3 appears gradually. Thus, two
tensor condensates F3 and F8 coexist in the region of µq ≥ µcr2 . On the other hand, in the
model GT2.6, both the tensor condensates, F3 and F8, appear simultaneously at µq = µcr1′ .
In the region with µcr1′ ≤ µq ≤ 0.469 GeV (≡ µcr2′ ), F3 decreases. Once F3 disappears at
µq = µcr′2 , but starts to increase again. In the region µq ≥ µcr2′ , each condensate shows the
same behavior as the other models of the region of µq ≥ µcr2 .
Figure 4 shows the behavior of the tensor condensates for each flavor, namely, Fu, Fd and
Fs, in Eq. (8). In these figures, as for Fs, the absolute value |Fs| is depicted because Fs has a
negative sign. In the case of model GT2.0/GT2.2/GT2.4, in the region of µcr1 ≤ µq ≤ µcr2 ,
only the tensor condensate F8 appears. Therefore, Fu and Fd have the same values. After
F3 appears by increasing the quark chemical potential, Fu and Fd begin to have different
values. In the case of model GT2.6, at µq ≈ µcr1′ , the tensor condensates Fu has a finite
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FIG. 4. Tensor condensates Fu, Fd and Fs are depicted as a function of the quark chemical potential
µq for each model. The circle (blue curves), square (orange curves) and diamond (green curves)
represent Fu, Fd and Fs, respectively.
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value, Fu 6= 0, but Fd = 0. The value of Fu/Fd decreases/increases as F3 decreases. At
µ ≈ µcr2′ , Fu and Fd have the same values. In the region of µq ≥ µcr2′ , both the tensor
condensates show the same behavior as the other models.
C. Behaviors of quark number density ρ and electron chemical potential µe
Figure 5 shows the behavior of the baryon number density ρB = (ρu + ρd + ρs)/3, of the
system. The horizontal and vertical axes represent the quark chemical potential and the
baryon number density for each model. The baryon number density jumps at µq ≈ 0.34
GeV for all models. It means that the chiral restoration occurs for light quarks at this value
of the quark chemical potential. In the case of model GT0, the quark number density raises
up at µq ≈ 0.47 GeV. At this point the constituent strange quark mass starts decreasing.
As GT increases, the quark chemical potential at which the baryon number density jumps
is shifted to lower values. These chemical potentials correspond to µcr1 and µcr1′ as is seen
in Fig.2. Also, the slope of the baryon number density with respect to the quark chemical
potential becomes more gentle as GT becomes larger.
Figures 6, 7 and 8 show the ratio of each quark number density against the total quark
number density ρ = ρu + ρd + ρs. As is seen in Fig. 6, the proportion of up quark number
density is about ρu/ρ ∼ 0.334 ≈ 1/3. Also, this figure shows that the proportion of up quark
number density is almost not changed. Compared to figures 7 and 8, it is shown that the
proportion of down quark number density decreases with appearance of strange quark. As
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FIG. 5. Baryon number density is depicted as a function of the quark chemical potential µq for
each model.
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FIG. 8. This figure shows the fraction of
strange quark number density, ρs/ρ, as a
function of total quark number density ρ for
each model.
GT becomes larger, the proportion of down/strange quark decreases/increases in the region
of 4 fm−3 ≤ ρ ≤ 5.5 fm−3. On the other hand, in the larger density region, the proportion
of down/strange quark increases/decreases as GT becomes larger. This behavior is due to
an effect of the tensor interaction which leads to the tensor condensates.
Figure 9 shows the behavior of the electron chemical potential. The horizontal and vertical
axes represent the quark chemical potential and the electron chemical potential, respectively.
In all models, µe has a nonzero value at small quark chemical region. According to (21),
the electron chemical potential must be zero when ρf = 0. Therefore, the small value of the
electron chemical potential for µq < 0.35 GeV may be regarded as a numerical error. This
numerical error does not affect the construction of hybrid stars in section IV, because in the
low density region, we adopt the hadronic model for the equation of state.
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FIG. 9. Electron chemical potentials are depicted as a function of the quark chemical potential µq
for each model.
For the Model GT0, the electron chemical potential µe jumps at µq ≈ 0.35 GeV and
for 0.35 GeV ≤ µq ≤ 0.46 GeV, µe increases due to the appearance of the up and down
quark matter. When µq ≈ 0.46 GeV, µe has the maximum value about µe ≈ 0.99 GeV. After
overcoming the peak, µe decreases. For the case of Model GT2.0/GT2.2/GT2.4, in the region
of µq ≤ µcr1 , µe shows the same behavior as Model GT0. However, at µq ≈ µcr1 , the electron
chemical potential µe decreases sharply. For µcr1 ≤ µq ≤ 0.55/0.55/0.56 GeV, µe increases
as the quark chemical potential increases. Finally, µe decreases forµ ≥ 0.55/0.55/0.56 GeV.
On the other hand, Model GT2.6 shows the different behavior for other models. Similarly
to other models, µe has the maximum value at µq ≈ 0.445GeV(≈ µcr1′ ), and decreases
at µq ≈ µcr1′ . However, this decreasing stays around µe ≈ 0.05 GeV. In the region of
µcr1′ ≤ µq ≤ µcr2′ , the electron chemical potential µe decreases gradually. At µq ≈ µcr2′ , µe
begins to increase and it peaks at µq ≈ 0.57 GeV.
Figure 10 shows the relationship of the electron chemical potential and the total quark
number density, namely three times the baryon number density. In this figure, it is shown
that each model has a peak at ρ ≈ 2.4 fm−3. The first peak arises from the appearance of the
strange quark at this density. In fact, from Fig.8, it is seen that the strange quark number
density increases at ρ ≈ 2.4 fm−3. Accordingly, the up quark number density decreases
as is seen in fig 6. Thus, as the quark or baryon number density increases, the ratio of
ρf/ρ changes, which leads to the change of the electron chemical potential through the beta
equilibrium condition.
15
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
à
à
à
à
à
à
à
à
à
à
à
à
à
à
à
àààà
à
à
à
à
à
à
à
à
à
ààà
à
à
ì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ìììì
ìì
ì
ì
ì
ì
ì
ìììì
ì
ìò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
òò òòòò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
òòòòòò
ò
ò
ò
ò
ò ò
ò
ò
ò
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ôô ôôôô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô
ô ô
1 2 3 4 5 6 7 8
0.00
0.02
0.04
0.06
0.08
0.10
0.12
Ρ @fm-3D
Μ
e
@G
eV
D
æ GT2.6
à GT2.4
ì GT2.2
ò GT2.0
ô GT0
FIG. 10. Electron chemical potentials are depicted as a function of the total quark number density
ρ for each model.
IV. HYBRID STAR
The “hybrid star” is a kind of compact stars and has an inner core consisting of quark
matter and an outer core and crust consisting of hadrons. In order to obtain the equation
of state (EoS) of hadrons, a density-dependent meson-nucleon couplings model with the
relativistic mean-field interaction is used. [38]
It is assumed that, in the inner core of the star, the quark matter exists and the tensor
condensate may appear in the high density region. The pressure can be evaluated by the
thermodynamic potential in Eq.(22). To obtain the inner structure of compact star, we must
solve the Toleman-Oppenheimer-Volkoff (TOV) equation from center to the outside of the
star by using the EoS data:
dM
dr
= 4pir2ρ ,
dP
dr
= −GMρ
r2
(
1 + P
ρc2
)(
1 + 4piPr
3
Mc2
)
(
1− 2GM
rc2
) , (23)
where P , M and ρ represent the pressure, mass of star and mass density profiles, respectively.
We adopt the same strategy for numerical calculation as our previous paper[36]:
1. Give an arbitrary value to the central energy density of the hybrid star.
2. If the value is large enough that the quark matter is realized, go to step 3, else jump
to step 5.
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3. Solve the TOV equation from the center to the outside of the star by using the EoS of
quarks until a certain reference pressure obtained by performing a Maxwell construc-
tion.
4. At the reference pressure, EoS is switched to the one of hadrons.
5. Solve the TOV equation to the outside of the star with the EoS of hadrons until the
pressure of the star vanishes.
6. Change the value of central energy density and go back to step 2.
In Fig.11, the pressure is depicted as a function of the baryon number density. In the
lower density region, the crust is constructed. As the baryon number density is increasing,
the phase transition from the hadron matter to the quark matter occurs.
Let us discuss the relationship between the radius and mass of hybrid stars numerically.
Figure 12 shows the radius (R)-mass (M) relation. In this figure, R and M are normalized
by R0 = 10 km and the solar mass M, respectively. Each point corresponds to the different
central energy density respectively. First, the points are shifted from the lower right to the
lower left as the central energy density increases. Each curve bends at (R/R0,M/M) ≈
(1.04, 0.17). After that, the points are shifted from the lower left to the upper right as the
central energy density increases. Each curve bends at (R/R0,M/M) ≈ (1.29, 1.82) again.
This point corresponds to the appearance of the up and down quark matters at the inner
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FIG. 11. The pressure P is depicted as a function of the baryon number density ρB for each model.
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core of the compact star. In the region from the lower left to the second bending point,
compact stars consist of hadrons, namely, they have the hadron cores. On the other hand,
in the region from the second bending point to the upper left, compact stars have quark
cores, namely, they are hybrid stars. In the upper left region, each curve bends again. This
point corresponds to the appearance of the strange quarks at the inner core of the compact
star. Specially, for the models GT2.0, GT2.2, GT2.4 and GT2.6, this third bending point
means the appearance of the tensor condensates. As the values of GT increases, the third
bending point is shifted to right. This shift is originated from the appearance of the strange
quark at rather lower baryon number density by the appearance of the tensor condensates.
Qualitatively, the model GT2.6 shows some differences from the other models GT2.α (α 6= 6)
as for the appearance of the tensor condensates. However, there is no qualitative difference
between the model GT2.6 and other models in the radius-mass relation. In all models, as
soon as the F8 condensate sets in, the star becomes unstable.
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V. SUMMARY AND CONCLUDING REMARKS
In this paper, we have investigated the behavior of the tensor condensates and their
implication to the properties of the hybrid star by using the Nambu-Jona-Lasinio model
with the tensor-type four-point interaction under the β equilibrium and charge neutrality.
In the three-flavor case, it is necessary to consider the UA(1) anomaly which is incorporated
in the Kobayashi-Maskawa-’t Hooft interaction or so-called determinant interaction with
six-point interaction between quarks.
In our previous work [26], the tensor condensates have been investigated without charge
neutrality and β equilibrium conditions. In that paper, the region with tensor condensates
is divided into 3 parts, namely (F3 6= 0 , F8 = 0) , (F3 6= 0 , F8 6= 0) and (F3 = 0 , F8 6= 0).
The window of the quark chemical potential where F3 and F8 coexist is very narrow. On the
other hand, it is shown that, in this paper, there is no region where only F3 appears under
the beta equilibrium and charge neutrality conditions. In contrast, the region where F3 and
F8 coexist becomes wider compared to the result of our previous paper. This difference
can be attributed to the charge neutrality and β equilibrium conditions. These conditions
break the light quark symmetry. If only the tensor condensate F3 appears, then Fu = |Fd|
is realized, which leads to the light quark symmetry, namely the up and down quarks are
equivalent. The same for the region when only F8 appears.
In this paper, the hybrid stars were constructed by solving the TOV equation. In the
region of the quark matter, the equation of state was used, which were obtained by the three-
flavor NJL model imposing the beta-equilibrium and charge neutrality conditions under the
existence of the tensor condensates. In the region of the hadron matter, the equation of
state obtained by a density-dependent meson-nucleon couplings model with the relativistic
mean-field interaction[38] is used. As a result, the mass-radius relations of the hybrid stars
were evaluated. We could not obtain hybrid stars with two-solar mass because the equation
of state becomes a little too soft by the appearance of the quark matter with the tensor
condensates in the inner core of the hybrid star. However, the repulsive interaction between
quarks is not included, and this can be the reason that two-solar mass stars can not be hold.
It is, therefore, interesting to include the repulsive interaction in this model by introducing
the vector interaction adding to the scalar-pseudoscalar and the tensor interactions between
quarks, and to investigate the effects of the vector interaction on the hybrid stars. This is
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our next task.
In our previous work[36], the inner structure of compact stars was investigated by using
of 2-flavor NJL model with the tensor interaction. In that paper, it was predicted that the
so-called “twin stars”[39, 40] may appear by calculating the Mass-Radius relation under a
rather strong coupling strength for the tensor interaction. This occurs because the tensor
condensate sets in at a smaller quark chemical potential. In our present work, no sign of
twin stars is seen. As is seen in the result of model GT2.6, under strong GT , another tensor
condensed phase appears. Thus, in the 3-flavor NJL model we have adopted, twin stars may
appear under a rather large value of GT . This will be a future investigation.
If we include the pseudovector-type four-point interaction between quarks, the inner
structure of compact star may change drastically. By our previous work [12, 13], the pseu-
dovector condensates appear at a lower quark chemical potential than that appearing the
tensor condensates. Especially, the pseudovector condensates appear and vanish around the
quark chemical potential where the chiral symmetry is restored. This region corresponds to
the vicinity of the second bending point in Fig.12. It is interesting to investigate the effect
of pseudovector interaction on the compact stars. This may also be one of interesting future
problems.
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